Abstract. We consider strictly ergodic and strictly weak mixing C * -dynamical systems. We prove that the system is strictly weak mixing if and only if its tensor product is strictly ergodic, moreover strictly weak mixing too. We also investigate some weighted ergodic theorems with respect to S-Besicovitch sequences for strictly weak mixing dynamical systems.
Introduction
It is known (see [16] ) that there are several notions of mixing (i.e. weak mixing, mixing, completely mixing e.c.t.) of measure preserving transformation on a measure space in the ergodic theory. It is important to know how these notions are related with each other. A lot of papers are devoted to this topic. In [1] a rather thorough study of the mentioned concepts of mixing for Markov operators were given. These definitions depend only on the equivalence class of the measure m and on P given on L ∞ (X, µ). In the classical ergodic theory of probability-measure preserving transformations it is well known that a transformation is weakly mixing if and only if it has continuous spectrum, or, alternatively, if and only if its Cartesian square is ergodic. The main results of paper [1] concern the corresponding results for Markov operators. There is another recent paper [4] , where some relations between the notions of weak mixing and weak wandering have been studied.
In this paper we deal with noncommutative analog of the mentioned notions mixing for quantum dynamical systems over C * -algebras. Here by quantum dynamical systems we mean a linear, positive mapping T of C * -algebra A, with a state ϕ, into itself. It is known (see [7] , sec.4.3, [25] , [22] ) that the theory of quantum dynamical systems provides convenient mathematical description of the irreversible dynamics of an open quantum system. This motivates an interest to the study of conditions for a dynamical system to induce approach to a stationary state, of reflect subjects such as irreducibility (i.e. ergodicity, mixing) and ergodic theorems (see for example, [2] , [11] , [14] ). A lot of papers (see, [10] , [12] , [18] , [19] , [26] ) were devoted to the investigations of mixing properties of dynamical systems. Very recently in [21] certain relations between ergodicity, weak mixing and uniformly weak mixing conditions of C * -dynamical systems have been investigated. It is known [26] , [17] that strict ergodicity (or uniform ergodicity) of a dynamical system is stronger than ergodicity. Therefore, it is natural to ask, how this notion is related with mixing conditions. The object of this paper is to investigate this question. After recalling some preliminaries on C * -algebras and dynamical systems in section 2, we introduce so called strictly weak mixing C * -dynamical systems, and by analogy of paper [1] in section 3, we will prove that a dynamical systems is strictly weakly mixing if and only if its tensor product with itself is strictly ergodic. In section 4, we introduce so called S-Besicovitch sequence of numbers for them it is proved a certain weighted uniform ergodic theorem with respect to strictly weak mixing dynamical systems. We note that a lot of papers were devoted to study Besicovitch sequences as weight for ergodic type theorems. Here we mention only a few papers ( [3] , [15] ).
Preliminaries
In this section we recall some preliminaries concerning C * -dynamical systems. Let A be a C * -algebra with unit 1 I. An element x ∈ A is called self-adjoint (resp. positive) if x = x * (resp. there is an element y ∈ A such that x = y * y). The set of all self-adjoint (resp. positive) elements will be denoted by A sa (resp. A + ). By A * we denote the conjugate space to
A positive functional ϕ is said to be a state if ϕ(1 I) = 1. By S A (resp. A * h ) we denote the set of all states (resp. Hermitian functionals) on A. Let B be another C * -algebra with unit. By A ⊙ B we denote the algebraic tensor product of A and B. A completion of A ⊙ B with respect to the minimal C * -tensor norm on A ⊙ B is denoted by A ⊗ B, and it would be also a C * -algebra with a unit (see, [24] ). A linear operator T : A → A is called positive if T x ≥ 0 whenever x ≥ 0. A positive linear operator T is called a Markov operator if T 1 I = 1 I. A pair (A, T ) consisting of a C * -algebra A and a Markov operator T : A → A is called a C * -dynamical system. In the sequel, we will call any triplet (A, ϕ, T ) consisting of a C * -algebra A, a state ϕ on A and a Markov operator T : A → A with ϕ • T = ϕ, that is a dynamical system with an invariant state, a state preserving C * -dynamical system. A state preserving C * -dynamical system is a non-commutative C * -probability space (A, ϕ) (see [8] ) together with a Markov operator T on A preserving the non-commutative probability ϕ. We say that the state preserving C * -dynamical system (A, ϕ, T ) is ergodic (respectively, weakly mixing, strictly weak mixing) with respect to ϕ if
The state preserving C * -dynamical system (A, ϕ, T ) is called strictly ergodic with respect to ϕ if ϕ is the unique invariant state under T .
Given a C * -algebra A, by M n (A) we denote the set of all n×n-matrices a = (a ij ) with entries a ij in A. Recall that a linear mapping T : A → A is called n-positive
If T is n-positive for all n then T is said to be completely positive. We say that the state preserving C * -dynamical system (A, ϕ, T ) is completely positive if T is so. It is known [24] that if T and H are completely positive maps of A and B respectively, then the linear operator T ⊗H : A⊗B → A⊗B defined by (T ⊗H)(x⊗y) = T x⊗Hy would be also completely positive.
Strictly ergodic and strictly weak mixing dynamical systems
In this section we are going to characterize strictly weak mixing C * -dynamical systems.
In [20] we have proved the following characterization of strictly ergodic dynamical systems.
(ii) For every x ∈ A the following equality holds
where convergence in norm of A; (iii) For every x ∈ A and ψ ∈ S the following equality holds
Remark. From this Theorem we immediately infer that strict ergodicity implies ergodicity of C * -dynamical system. We mention that from Theorem 3.1 one also gets that strict weak mixing trivially implies strict ergodicity.
Before formulating a result we recall a well known fact (see for example [25] ) Lemma 3.2. Let {a n } be a bounded sequence of real numbers. Then the following are equivalent:
(ii) There exists a set J ⊂ N of density zero (i.e.
such that lim n→∞ a n = 0 provided n / ∈ J;
Now we are going to prove an analogous result of [25] for the strictly weak mixing dynamical systems. Proof. Consider the implication (i)⇒(ii). Recall that complete positivity of T and H implies that T ⊗ H is so. It is clear that the state ϕ ⊗ ϕ 1 is invariant with respect to T ⊗ H.
Let ψ ∈ S A and φ ∈ S B be arbitrary states and x ∈ ker ϕ, y ∈ ker ϕ 1 . Then according to (i) we have
So according to Lemma 3.2 there exist two subsets
Then for the set
and hence again using Lemma 3.2 one gets that
By G we denote the convex hull of the set {ψ ⊗ φ : ψ ∈ S A , φ ∈ S B }. It is clear that the · 1 -closure of G is S A⊗B . Therefore given ǫ > 0 and ω ∈ S 2 there is ζ ∈ G such that ω − ζ 1 < ǫ. For ζ there is n 0 ∈ N such that
Consequently,
for all n ≥ n 0 .
Let x ∈ A and y ∈ A. Denote x 0 = x − ϕ(x)1 I, y 0 = y − ϕ 1 (y)1 I. It is clear that x 0 ker ϕ, y 0 ∈ ker ϕ 1 . By means of (3.1), for every ω ∈ S A⊗B we have
Denote ω 1 (x) = ω(x ⊗ 1 I), x ∈ A and ω 2 (y) = ω(1 I ⊗ y), y ∈ B. Then according to the condition (i) there exist N 1 , N 2 ∈ N such that
Now using (3.2) and (3.3) we find
Then there exists an element z ǫ ∈ A ⊙ B such that
It follows from (3.4) that
for all n ≥ n ǫ . Therefore, we obtain
for all n ≥ n ǫ . The last relation implies that (A ⊗ B, ϕ ⊗ ϕ 1 , T ⊗ H) is strictly weak mixing.
The implication (ii)⇒(i) is obvious.
From the proved theorem we get the following 
Proof. The implication (i)⇒(ii) immediately follows from Theorem 3.3. The implication (ii)⇒(iii) is obvious. Let us prove the implication (iii)⇒(iv)
. Let (A ⊗ A, ϕ ⊗ ϕ, T ⊗ T ) be strictly ergodic. Let x ∈ ker ϕ, x = x * . Given ǫ > 0, strict ergodicity of the dynamical system (see Theorem 3.1) implies that there is n 0,x ∈ N such that
Hence,
As x is self-adjoint we get
According to Lemma 3.2 we infer that there is n 1,x ∈ N such that
Let x ∈ ker ϕ be an arbitrary element. Then it can be represented as x = x 1 +ix 2 , where x 1 , x 2 ∈ ker ϕ, x * j = x j , j = 1, 2. It then follows from (3.6) that
Let ψ ∈ A * 1 . Then ψ = ψ 1 + iψ 2 , where ψ j ∈ A * 1,h ,j = 1, 2. By means of (3.7) one obtains
Finally let x ∈ A. Then we have the last relation (3.8) for the element x 0 = x − ϕ(x)1 I, which implies that
So the implication (iii)⇒(iv) is proved. The implication (iv)⇒(i) is obvious.
Remark. The implication (i)⇔(iv) can be proved directly using only positivity of the operator T . Indeed, it is enough to prove the implication (i)⇒(v). Let x ∈ ker ϕ. Assume that ψ ∈ A * h is a positive functional. Thenψ(x) = Using the same argument as in the final part of the proof (iii)⇒(iv) we obtain the required assertion. Therefore, if we take ψ(x) = ϕ(yx), x ∈ A in (iv) we easily get (2.2), this means that strictly weak mixing implies weak mixing. Using this Corollary we can the following Proposition 3.5. Let (A, ϕ, T ) be strictly weak mixing. If there exist a number α ∈ C with |α| = 1 and α = 1, and h ∈ A * such that
Proof. Assume that h = 0. Then h = µϕ for all µ ∈ C. Now choose x ∈ A such that h(x) is nonzero. Observe that the hypothesis (3.10) with α = 1 implies that h(1 I) = 0. Therefore, using |α| = 1, one gets
which contradicts the strictly weak mixing condition.
An idea of the proof of Theorem 3.3 allows us to get some adaptation of a result of [1] for strictly weak mixing dynamical systems. Namely we have the following Proof. Consider the implication (i)⇒(ii). Let (B, ϕ 1 , H) be a completely positive, strictly ergodic dynamical system. Then it is clear that the state ϕ ⊗ ϕ 1 on is invariant with respect to T ⊗ H.
Let ψ ∈ S A and φ ∈ S B be arbitrary states and x ∈ ker ϕ, y ∈ A. Then according to (i) we have
here M is some constant. Now according to Lemma 3.2 there exists a subset J ⊂ N of density zero such that
Then from (3.12) we infer that
Now using the argument of Theorem 3.3 for every ω ∈ S A⊗B we have
Then by means of (3.13), for every ω ∈ S A⊗B and ǫ > 0 there exists a positive number n 1 ∈ N such that
Then according to the condition (i) there exist N 1 ∈ N such that
here as before w 2 (x) = ω(1 I ⊗ x). Now using (3.14) and (3.15) we find
Then the argument of the proof of the implication (i) ⇒ (ii) of Theorem 3.3 and (3.16) yield that
for every ω ∈ S A⊗B . Hence according to Theorem 3.1 one gets that (A ⊗ B, ϕ ⊗ ϕ 1 , T ⊗ H) is strictly ergodic. Now let us prove the implication (ii)⇒(i). According to the condition (A⊗B, ϕ⊗ ϕ 1 , T ⊗ H) is strictly ergodic, this means that the state ϕ ⊗ ϕ 1 is a unique for it. Let us first prove that (A, ϕ, T ) is strictly ergodic. Indeed, let ν ∈ S be an invariant state for T . Then the state ν ⊗ ϕ 1 would be invariant for T ⊗ H. The uniqueness of ϕ ⊗ ϕ 1 implies that ν = ϕ which means that T is strictly ergodic. According to the condition T ⊗ T is also strictly ergodic, therefore Corollary 3.4 yields that T is strictly weak mixing.
Remark. In Theorem 3.6 the strict weak mixing condition is important. Indeed, let consider the following example. Let S 1 = {z ∈ C : |z| = 1} and λ be the Lebesgue measure on S 1 such that λ(S 1 ) = 1. Fix an element a = exp(2πiα), where α ∈ [0, 1) is an irrational number. Define a transformation τ :
, where C(S 1 ) is the space of all continuous functions on S 1 . Now by means of τ define a positive linear operator
is a state preserving C * -dynamical system. Since α is irrational, then Theorem 2 of Chapter 3 of [17] implies that the defined dynamical system is strictly ergodic. On the other hand, it is not strictly weak mixing. Indeed, take a linear functional h ∈ C(S 1 )
. Thus, Proposition 3.5 implies that T τ is not strictly weak mixing. According to Corollary 3.4 the tensor product T τ ⊗ T τ , acting on C(S 1 ) ⊗ C(S 1 ), is not strictly ergodic. Moreover, T τ ⊗ T τ is not ergodic. Indeed, using the well known equality C(
where
Then we have (T τ ⊗ T τ )(g)(x, y) = g(x, y) which means that T τ ⊗ T τ is not ergodic. Some concrete examples of a strictly weak mixing C * -dynamical systems have been given in [20] .
Ergodic type theorems
In this section we are going to prove some weighted ergodic type theorems for strictly weak mixing dynamical systems. Now we formulate some kind of result relating to adaptation of the Blum-Hanson theorem (see [5] ) for strictly weak mixing dynamical systems. for every x ∈ A, ψ ∈ A * and an increasing sequence of positive numbers {k n } such that k n /n < ∞.
Proof. Let ǫ > 0 be an arbitrary number. From the strictly weak mixing condition we find that for ψ ∈ S and x ∈ A there exists N 0 ∈ N such that Now by analogy of a Besicovitch sequences (see [15] ) we introduce a notion of S-Besicovitch sequences. We say that a bounded sequence {b n } ⊂ C is called a S-Besicovitch sequence if for any ǫ > 0 there exists a strictly ergodic dynamical system (C(K), ν, T 1 ), a function f 0 ∈ C(K) and ω 0 ∈ K such that lim sup converge uniformly in A.
